Range-separated density-functional theory is an alternative approach to Kohn-Sham densityfunctional theory. The strategy of range-separated density-functional theory consists in separating the Coulomb electron-electron interaction into long-range and short-range components, and treating the long-range part by an explicit many-body wave-function method and the short-range part by a density-functional approximation. Among the advantages of using many-body methods for the long-range part of the electron-electron interaction is that they are much less sensitive to the oneelectron atomic basis compared to the case of the standard Coulomb interaction. Here, we provide a detailed study of the basis convergence of range-separated density-functional theory. We study the convergence of the partial-wave expansion of the long-range wave function near the electron-electron coalescence. We show that the rate of convergence is exponential with respect to the maximal angular momentum L for the long-range wave function, whereas it is polynomial for the case of the Coulomb interaction. We also study the convergence of the long-range second-order Møller-Plesset correlation energy of four systems (He, Ne, N2, and H2O) with the cardinal number X of the Dunning basis sets cc-p(C)VXZ, and find that the error in the correlation energy is best fitted by an exponential in X. This leads us to propose a three-point complete-basis-set extrapolation scheme for range-separated density-functional theory based on an exponential formula.
I. INTRODUCTION
Range-separated density-functional theory (DFT) (see, e.g., Ref. 1) is an attractive approach for improving the accuracy of Kohn-Sham DFT [2, 3] applied with usual local or semi-local density-functional approximations. This approach is particularly relevant for the treatment of electronic systems with strong (static) or weak (van der Waals) correlation effects. The strategy of range-separated DFT consists in separating the Coulomb electron-electron interaction into long-range and shortrange components, and treating the long-range part by an explicit many-body wave-function method and the short-range part by a density-functional approximation. In particular, for describing systems with van der Waals dispersion interactions, it is appropriate to use methods based on many-body perturbation theory for the longrange part such as second-order perturbation theory [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , coupled-cluster theory [17] [18] [19] [20] [21] , or random-phase approximations [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] .
Among the advantages of using such many-body methods for the long-range part only of the electron-electron interaction is that they are much less sensitive to the one-electron atomic basis compared to the case of the standard Coulomb interaction. This has been repeatedly observed in calculations using Dunning correlationconsistent basis sets [35] for second-order perturbation * odile.franck@etu.upmc.fr † bastien.mussard@upmc.fr ‡ eleonora.luppi@upmc.fr § julien.toulouse@upmc.fr theory [4, 6, 10, 15, 16] , coupled-cluster theory [17] and random-phase approximations [22, 23, 25, 27, 31] . The physical reason for this reduced sensitivity to the basis is easy to understand. In the standard Coulombinteraction case, the many-body wave-function method must describe the short-range part of the correlation hole around the electron-electron coalescence which requires a lot of one-electron basis functions with high angular momentum. In the range-separation case, the manybody method is relieved from describing the short-range part of the correlation hole, which is instead built in the density-functional approximation. The basis set is thus only used to describe a wave function with simply longrange electron-electron correlations (and the one-electron density) which does not require basis functions with very high angular momentum. In the case of the Coulomb interaction, the rate of convergence of the many-body methods with respect to the size of the basis has been well studied. It has been theoretically shown that, for the ground-state of the helium atom, the partial-wave expansion of the energy calculated by second-order perturbation theory or by full configuration interaction (FCI) converges as L −3 where L in the maximal angular momentum of the expansion [36] [37] [38] [39] [40] . Furthermore, this result has been extended to arbitrary atoms in second-order perturbation theory [41, 42] . This has motivated the proposal of a scheme for extrapolating the correlation energy to the complete-basis-set (CBS) limit based on a X −3 power-law dependence of the correlation energy on the cardinal number X of the Dunning hierarchical basis sets [43, 44] . This extrapolation scheme is widely used, together with other more empirical extrapolation schemes [45] [46] [47] [48] [49] [50] [51] . In the case of rangeseparated DFT the rate of convergence of the many-body methods with respect to the size of the basis has never been carefully studied, even though the reduced sensitivity to the basis is one of the most appealing feature of this approach.
In this work, we provide a detailed study of the basis convergence of range-separated DFT. First, we review the theory of range-separated DFT methods (Section II) and we study the convergence of the partial-wave expansion of the long-range wave function near the electronelectron coalescence. We show that the rate of convergence is exponential with respect to the maximal angular momentum L (Section III). Second, we study the convergence of the long-range second-order Møller-Plesset (MP2) correlation energy of four systems (He, Ne, N 2 , and H 2 O) with the cardinal number X of the Dunning basis sets, and find that the error in the correlation energy is best fitted by an exponential in X. This leads us to propose a three-point CBS extrapolation scheme for range-separated DFT based on an exponential formula (Section IV).
Hartree atomic units are used throughout this work.
II. RANGE-SEPARATED DENSITY-FUNCTIONAL THEORY
In range-separated DFT, the exact ground-state energy of an electronic system is expressed as a minimization over multideterminantal wave functions Ψ (see, e.g.,
whereT is the kinetic-energy operator,V ne is the nuclear-electron interaction operator, E sr,µ Hxc [n Ψ ] is the short-range Hartree-exchange-correlation density functional (evaluated at the density of Ψ), andŴ lr,µ ee = (1/2) w lr,µ ee (r 12 )n 2 (r 1 , r 2 )dr 1 dr 2 is the long-range electron-electron interaction operator written in terms of the pair-density operatorn 2 (r 1 , r 2 ). In this work, we define the long-range interaction w lr,µ ee (r 12 ) with the error function
where r 12 is the distance between two electrons and µ (in bohr −1 ) controls the range of the separation, with r c = 1/µ acting as a smooth cutoff radius. For µ = 0, the long-range interaction vanishes and range-separated DFT reduces to standard Kohn-Sham DFT. In the opposite limit µ → ∞, the long-range interaction becomes the Coulomb interaction and range-separated DFT reduces to standard wave-function theory. In practical applications, one often uses µ ≈ 0.5 bohr −1 [52, 53] . The minimizing wave function Ψ lr,µ in Eq. (1) satisfies the Schrödinger-like equation The corresponding minimizing wave function will be denoted by Φ µ . The exact ground-state energy is then expressed as
where
is the long-range correlation energy which is to be approximated by perturbation theory. For example, in the long-range variant of MP2 perturbation theory, the long-range correlation energy is [4] 
where Ψ The long-range correlation energy can also be approximated beyond second-order perturbation theory by coupledcluster [17] or random-phase [22, 23, [28] [29] [30] approximations. Beyond perturbation theory approaches, Eq. (3) can be (approximately) solved using configuration interaction [1, 54, 55] or multiconfigurational self-consistent field [53, 56, 57] methods. Alternatively, it has also been proposed to use density-matrix functional approximations for the long-range part of the calculation [58, 59] .
Since the RSH scheme of Eq. (4) simply corresponds to a single-determinant hybrid DFT calculation with longrange Hartree-Fock (HF) exchange, it is clear that the energy E µ RSH has an exponential basis convergence, just as standard HF theory [60] . We will thus focus our study on the basis convergence of the long-range wave function Ψ lr,µ and the long-range MP2 correlation energy E lr,µ c,MP2 . 
III. PARTIAL-WAVE EXPANSION OF THE WAVE FUNCTION NEAR ELECTRON-ELECTRON COALESCENCE
In this section, we study the convergence of the partialwave expansion of the wave function at small interelectronic distances, i.e. near the electron-electron coalescence, which for the case of the Coulomb interaction determines the convergence of the correlation energy. We first briefly review the well-known case of the Coulomb interaction and then consider the case of the long-range interaction.
A. Coulomb interaction
For systems with Coulomb electron-electron interaction w ee (r 12 ) = 1/r 12 , the electron-electron cusp condition [61] imposes the wave function to be linear with respect to r 12 when r 12 → 0 [62] Ψ(r 12 )
Here and in the rest of this section, we consider only the dependence of the wave function on r 12 and we restrict ourselves to the most common case of the two electrons being in a natural-parity singlet state [41] for which Ψ(0) = 0. The function
thus gives the behavior of the wave function at small interelectronic distances. Writing r 12 = ||r 2 − r 1 || = r 2 1 + r 2 2 − 2r 1 r 2 cos θ where θ is the relative angle between the position vectors r 1 and r 2 of the two electrons, the function f (r 12 ) can be written as a partial-wave expansion
where P ℓ are the Legendre polynomials and the coefficients f ℓ are
with r < = min(r 1 , r 2 ) and r > = max(r 1 , r 2 ). The coefficients f ℓ decrease slowly with ℓ when r 1 and r 2 are similar. In particular, for r 1 = r 2 , we have f ℓ ∼ ℓ −2 as ℓ → ∞ [63] . Therefore, the approximation of f (r 12 ) by a truncated partial-wave expansion, ℓ ≤ L,
also converges slowly with L near r 12 = 0. This is illustrated in Figure 1 power-law convergence of the partial-wave increments to the correlation energy [36-38, 41, 42] or, equivalently, to the L −3 power-law convergence of the truncation error in the correlation energy [39, 40] . 
B. Long-range interaction
For systems with the long-range electron-electron interaction w lr,µ ee (r 12 ) = erf(µr 12 )/r 12 , the behavior of the wave function for small interelectronic distances r 12 was determined by Gori-Giorgi and Savin [64] 
where the function p 1 (y) is given by
We thus need to study the function
For a fixed value of µ, and for r 12 ≪ 1/µ, it yields
which exhibits no linear term in r 12 , i.e. no electronelectron cusp. On the other hand, for µ → ∞ and r 12 ≫ 1/µ, we obtain
i.e. the Coulomb electron-electron cusp is recovered. The function f lr,µ (r 12 ) thus makes the transition between the cuspless long-range wave function and the Coulomb wave function.
As for the Coulomb case, we write f lr,µ (r 12 ) as a partial-wave expansion
and calculate with Mathematica [65] the coefficients f
with x = cos θ, r 12 = r 2 1 + r 2 2 − 2r 1 r 2 x, and using the following explicit expression for P ℓ (x)
Since the partial-wave expansion of the first term in r 2 12 in Eq. (16) terminates at ℓ = 1, we expect a fast convergence with ℓ of f lr,µ ℓ , for µ small enough, and thus also a fast convergence of the truncated partial-wave expansion
Plots of this truncated partial-wave expansion for µ = 0.5 in Figure 1 (right) confirm this expectation. The Coulomb singularity at θ = 0 has disappeared and the approximation f lr,µ L (r 12 ) converges indeed very fast with L, being converged to better than 0.001 a.u. already at L = 2.
We study in detail the dependence of the coefficients of the partial-wave expansion f lr,µ ℓ on ℓ. We compare two possible convergence behaviors, a power-law form
and an exponential-law form
where A, B, α and β are (µ-dependent) parameters.
To determine which form best represents f For the Coulomb case (black curve nearly superimposed with the curve for µ = 10), we observe that the plot of ln |f ℓ | vs. ln ℓ is linear, whereas the plot of ln |f ℓ | vs. ℓ is curved upward. This is expected for a power law A ℓ −α form. Moreover, we find α ≈ 2 as expected from Section III A. When going from large to small values of µ, we observe that the plot of ln |f lr,µ ℓ | vs. ln ℓ becomes more and more curved downward, and the plot of ln |f lr,µ ℓ | vs. ℓ becomes more and more linear. We thus go from a power-law dependence to an exponential-law dependence. Already for µ ≤ 2, the exponential law is a better description than the power law.
When µ decreases, the absolute value of the slope of the plot of ln |f lr,µ ℓ | vs. ℓ increases, i.e. the convergence becomes increasingly fast. More precisely, we have found β ≈ 2.598 − 1.918 ln µ for µ ≤ 2.
The exponential convergence of the partial-wave expansion of the long-range wave function near the electron-electron coalescence implies a similar exponential convergence for the partial-wave expansion of the corresponding energy. The present study is thus consistent with the approximate exponential convergence of the partial-wave expansion of the energy of the helium atom in the presence of a long-range electron-electron interaction reported in Refs. 67 and 68. However, no quantitative comparison can be made between the latter work and the present work since the form of the longrange interaction is different.
IV. CONVERGENCE IN ONE-ELECTRON ATOMIC BASIS SETS
In this section, we study the convergence of the longrange wave function and correlation energy with respect to the size of the one-particle atomic basis. This problem is closely related to the convergence of the partial-wave expansion studied in the previous section. Indeed, for a two-electron atom in a singlet S state, it is possible to use the spherical-harmonic addition theorem to obtain the partial-wave expansion in terms of the relative angle θ between two electrons by products of the spherical harmonic part Y ℓ,m of the one-particle atomic basis functions
where cos θ = cos θ 1 cos θ 2 + sin θ 1 sin θ 2 cos(φ 1 − φ 2 ) with spherical angles θ 1 ,φ 1 and θ 2 ,φ 2 . The partial-wave expansion can thus be obtained from a one-particle atomic basis, provided that the basis saturates the radial degree of freedom for each angular momentum ℓ. In practice, of course, for the basis sets that we use, this latter condition is not satisfied. Nevertheless, one can expect the convergence with the maximal angular momentum L of the basis to be similar to the convergence of the partialwave expansion.
For this study, we have analyzed the behavior of He, Ne, N 2 , and H 2 O at the same experimental geometries used in Ref. 44 (R N−N = 1.0977Å, R O−H = 0.9572Å and HOH = 104.52
• ). We performed all the calculations with the program MOLPRO 2012 [69] using Dunning correlation-consistent cc-p(C)VXZ basis sets for which we studied the convergence with respect to the cardinal number X, corresponding to a maximal angular momentum of L = X − 1 for He and L = X for atoms from Li to Ne. We emphasize that the series of Dunning basis sets does not correspond to a partial-wave expansion but to a principal expansion [70, 71] 
A. Convergence of the wave function
We start by analyzing the convergence of the FCI ground-state wave function of the He atom with respect to the cardinal number X of the cc-pVXZ basis sets. We perform a FCI calculation with the long-range Hamiltonian in Eq. (3) using a fixed RSH density, calculated from the orbitals obtained in Eq. (4), in the short-range Hartree-exchange-correlation potential. To facilitate the extraction of the wave function from the program, we use the Löwdin-Shull diagonal representation of the spatial part of the FCI wave function in terms of the spatial natural orbitals (NO) {ϕ
where the coefficients c [78] . Even though it has been shown that, for the case of the Coulomb interaction, there are in fact positive coefficients in the expansion in addition to the leading one, for a weakly correlated system such as the He atom, these positive coefficients appear only in larger basis sets than the ones that we consider here and have negligible magnitude [79] [80] [81] .
In Figure 3 we show the convergence of the FCI wave function Ψ lr,µ (r 1 , r 2 ) with the cardinal number X for and shown as a function of the relative angle θ, for the standard Coulomb interaction case (left) and the long-range interaction case for µ = 0.5 bohr −1 (right). For the case of the Coulomb interaction, an essentially exact curve has been calculated with a highly accurate 418-term Hylleraas-type wave function [73] [74] [75] . For comparison, we also show the results obtained with the single-determinant HF and RSH wave functions (with the cc-pV6Z basis) which just give horizontal lines since they do not depend on θ. In the insert plot on the right, the V5Z and V6Z curves are superimposed.
µ → ∞ which corresponds to the Coulomb interaction (left) and for µ = 0.5 (right). The first electron is fixed at the Cartesian coordinates r 1 = (0.5, 0., 0.) (measured from the nucleus) and the position of the second electron is varied on a circle at the same distance of the nucleus, r 2 = (0.5 cos θ, 0.5 sin θ, 0.). For the Coulomb interaction, we compare with the essentially exact curve obtained with a highly accurate 418-term Hylleraas-type wave function [73] [74] [75] . The curve of Ψ lr,µ (r 1 , r 2 ) as a function of θ reveals the angular correlation between the electrons [82] . Clearly, correlation is much weaker for the long-range interaction. Note that a single-determinant wave function Φ(r 1 , r 2 ) = ϕ 1 (r 1 )ϕ 1 (r 2 ), where ϕ 1 is a spherically symmetric 1s orbital, does not depend on θ, and the HF and RSH single-determinant wave functions indeed just give horizontal lines in Figure 3 .
The fact that Figure 3 resembles Figure 1 confirms that the convergence with respect to X is similar to the convergence of the partial-wave expansion with respect to L, and thus corroborates the relevance of the study of Section III for practical calculations. As for the partial-wave expansion, the convergence with X of the Coulomb wave function near the electron-electron cusp is exceedingly slow. The long-range wave function does not have an electron-electron cusp and converges much faster with X, the differences between the curves obtained with the cc-pV5Z and cc-pV6Z basis being smaller than 0.03 mhartree. Note, however, that the convergence of the long-range wave function seems a bit less systematic than the convergence of the Coulomb wave function, with the difference between the cc-pVQZ and cc-pV5Z basis being about 3 times larger than the difference between the cc-pVTZ and cc-pVQZ basis. This may hint to the fact the Dunning basis sets have been optimized for the Coulomb interaction and are not optimal for the long-range interaction. Finally, we note that we have found the same convergence behavior with the short-range exchange-correlation LDA density functional of Ref. 83 .
B. Convergence of the correlation energy
We also study the basis convergence of the long-range MP2 correlation energy, given in Eq. (7), calculated with RSH orbitals for He, Ne, N 2 and H 2 O.
In Table I we show the valence MP2 correlation energies and their errors as a function of the cardinal number X of the cc-pVXZ basis sets for X ≤ 6. We compare the long-range MP2 correlation energies E lr,µ c,X at µ = 0.5 and the standard Coulomb MP2 correlation energies E c,X corresponding to µ → ∞. For the case of the Coulomb interaction, the error is calculated as ∆E c,X = E c,X −E c,∞ where E c,∞ is the MP2 correlation energy in the estimated CBS limit taken from Refs. 44 and 84. For the range-separated case we do not have an independent estimate of the CBS limit of the long-range MP2 correlation energy for a given value of µ. Observing that the difference between the long-range MP2 correlation energies for X = 5 and X = 6 is below 0.1 mhartree for µ = 0.5, we choose the cc-pV6Z result as a good estimate of the CBS limit. Of course, the accuracy of this CBS estimate will deteriorate for larger values of µ, but in practice this is a good estimate for the range of values of µ in which we are interested, i.e. 0 ≤ µ ≤ 1 [85] . The error on the long-range correlation energy is thus calculated as ∆E lr,µ c,X = E lr,µ c,X − E lr,µ c, 6 . The first observation to be made is that the long-range MP2 correlation energies only represent about 1 to 5 % of the Coulomb MP2 correlation energies. Although the long-range correlation energy may appear small, it is nevertheless essential for the description of dispersion interactions for instance. The errors on the long-range MP2 correlation energies are also about two orders of magni- 
where E lr,µ c,∞ is the CBS limit of the long-range correlation energy and A, B, α, and β are parameters depending on µ, as in Section III. In practice, we actually make linear fits of the logarithm of the error ln(∆E lr,µ c,X ) for the two forms:
In Table II , we show the results of the fits for the Coulomb interaction and the long-range interaction at µ = 0.5 using either the complete range of X or excluding the value for X = 2. We use the squared Pearson correlation coefficient r 2 as a measure of the quality of the fit. For the Coulomb interaction and for all the systems studied, the best fit is achieved with the power law AX −α with α ≈ 2.5 − 3, which is roughly what is expected [44] . We note however that the fits to the exponential law are also very good with r 2 > 99% when the X = 2 value is excluded. This explains why extrapolations of the total energy based on an exponential formula have also been used for the case of the Coulomb interaction [45, 48] . For the case of the long-range interaction, the difference between the fits to the power law and to the exponential law is much bigger. The best fit is by far obtained for the exponential law with r 2 > 99% for all systems and ranges of X considered. This exponential convergence of the long-range correlation energy with respect to X is in accordance with the exponential convergence of the partial-wave expansion of the long-range wave-function observed in Section III.
We have also performed fits for several other values of µ between 0.1 and 1 and always obtained an exponential convergence of the long-range valence MP2 correlation energy with respect to X. However, contrary to what was observed for the partial-wave expansion, we found that when µ decreases β also decreases a bit for the four systems considered. In other words, when the interaction becomes more long range, the convergence of the longrange correlation energy becomes slower. This surprising result may be due to the fact that the cc-pV6Z result may not be as good an estimate of the CBS limit when µ increases. When µ decreases, the prefactor B decreases and goes to zero for µ = 0, as expected. Moreover, we have also checked that we obtain very similar results for the long-range all-electron MP2 correlation energy (including core excitations) with cc-pCVXZ basis sets.
We note that Prendergast et al. [86] have argued that the removal of the electron-electron cusp in a small region around the coalescence point does not significantly improve the convergence of the energy in the millihartree level of accuracy. At first sight, their conclusion might appear to be in contradiction with our observation of the exponential convergence of the long-range correlation en-TABLE II. Results of the fits to the power and exponential laws of the Coulomb valence MP2 correlation energy error ∆Ec,X and long-range valence MP2 correlation energy error ∆E lr,µ c,X for µ = 0.5 bohr −1 . Different ranges, Xmin ≤ X ≤ Xmax, for the cardinal number X of the Dunning basis sets are tested. The parameters A and B are in mhartree. The squared Pearson correlation coefficients r 2 of the fits are indicated in %. For each line, the largest value of r 2 is indicated in boldface. ergy with X. There are however important differences between the two studies: (1) their form of long-range interaction is different from ours, (2) they consider interelectronic distance "cutoffs" of r c 0.8 bohr whereas we consider larger "cutoffs" r c = 1/µ ≥ 1 bohr, (3) they do not investigate exponential-law versus power-law convergence. Finally, in the Appendix we provide a complement analysis of the basis convergence of the correlation energy of the He atom for truncated configuration-interaction (CI) calculations in natural orbitals. The analysis shows that, contrary to the case of the Coulomb interaction, the convergence of the long-range correlation energy is no longer limited by the truncation rank the CI wave function but by the basis convergence of the natural orbitals themselves. This result is consistent with an exponential basis convergence of the long-range correlation energy.
Coulomb interaction
Power law Exponential law Xmin Xmax α A r 2 β B
C. Extrapolation scheme
For the long-range interaction case, since both the RSH energy and the long-range correlation energy have an exponential convergence with respect to the cardinal number X, we propose to extrapolate the total energy to the CBS limit by using a three-point extrapolation scheme based on an exponential formula. Suppose that we have calculated three total energies E X , E Y , E Z for three consecutive cardinal numbers X, Y = X + 1, Z = X + 2. If we write
and eliminate the unknown parameters B and β, we obtain the following estimate of the CBS-limit total energy
In Table III , we report the errors on the RSH+lrMP2 total energy, E µ = E 
) and with the three-point extrapolation formula of Eq. (33) using X = 2, . Thus, the three-point extrapolation formula with X = 2, Y = 3, Z = 4 provides a useful CBS extrapolation scheme for range-separated DFT. Except for He, the errors ∆E µ TQ5 are negative (i.e. , the extrapolation overshoots the CBS limit) and larger than the errors ∆E µ 5 . Thus, the three-point extrapolation scheme with X = 3, Y = 4, Z = 5 does not seem to be useful.
These conclusions extend to calculations including core excitations with cc-pCVXZ basis sets, which are presented in Table IV We have also tested a more flexible extrapolation scheme where the RSH energy and the long-range MP2 correlation energy are exponentially extrapolated independently but we have not found significant differences. On the contrary, one may want to use a less flexible twopoint extrapolation formula using a predetermined value for β. The difficulty with such an approach is to choose the value of β, which in principle should depend on the system, on the range-separated parameter µ, and on the long-range wave-function method used. For this reason, we do not consider two-point extrapolation schemes.
V. CONCLUSIONS
We have studied in detail the basis convergence of range-separated DFT. We have shown that the partial- 
) and with the three-point extrapolation formula of Eq. (33) using X = 2, wave expansion of the long-range wave function near the electron-electron coalescence converges exponentially with the maximal angular momentum L. We have also demonstrated on four systems (He, Ne, N 2 , and H 2 O) that the long-range MP2 correlation energy converges exponentially with the cardinal number X of the Dunning basis sets cc-p(C)VXZ. This contrasts with the slow X −3 convergence of the correlation energy for the standard case of the Coulomb interaction. Due to this exponential convergence, the extrapolation to the CBS limit is less necessary for range-separated DFT than for standard correlated wave function methods. Nevertheless, we have proposed a CBS extrapolation scheme for the total energy in range-separated DFT based on an exponential formula using calculations from three cardinal numbers X. For the systems studied, the extrapolation using X = 2, 3, 4 gives an error on the total energy with respect to the estimated CBS limit which is always smaller than the error obtained with a single calculation at X = 4, and which is often comparable or smaller than the error obtained with a calculation at X = 5.
We expect the same convergence behavior for rangeseparated DFT methods in which the long-range part is treated by configuration interaction, coupled-cluster theory, random-phase approximations, or density-matrix functional theory. Finally, it should be pointed out that this rapid convergence is obtained in spite of the fact that the Dunning basis sets have been optimized for the case of the standard Coulomb interaction. The construction of basis sets specially optimized for the case of the long-range interaction may give yet a faster and more systematic convergence. In this Appendix, we explore the basis convergence of the correlation energy of the He atom for truncated CI calculations for both the Coulomb and long-range interactions. For a given basis set and interaction, we start by performing a FCI calculation and generating the corresponding natural orbitals. We then use these natural orbitals in truncated CI calculations for increasing orbital active spaces 1s2s, 1s2s2p, 1s2s2p3s, 1s2s2p3s3p, and 1s2s2p3s3p3d. Table V shows the Coulomb and longrange correlation energies for the different basis sets and truncation ranks. For the Coulomb interaction, the correlation energy for a fixed rank converges rapidly with the basis size, while the convergence with respect to the rank is much slower. For the long-range interaction, the correlation energy jumps by one order of magnitude when including the 2p natural orbital, which is consistent with the fact that the long-range interaction brings in first angular correlation effects [87] . The long-range correlation energy is essentially converged at rank 1s2s2p, and the overall convergence is now determined by the basis convergence of the natural orbitals. Finally, we compare two possible forms for the convergence of the truncated CI correlation energies with the cardinal number X, the power law Eq. (26) and the exponential law Eq. (27) . Using as reference the results obtained with the cc-pV6Z basis set, we have calculated for the different truncation ranks the correlation energy errors for the Coulomb interaction, ∆E c,X = E c,X − E c, 6 , and for the long-range interaction, ∆E lr,µ c,X = E lr,µ c,X −E lr,µ c, 6 , and performed logarithmic fits as in Section IV B. Table VI shows the results of the fits. For both the Coulomb and long-range interactions, for the rank 1s2s2p and larger, the best fit is achieved with the exponential law B exp(−βX). Thus, in comparison with the Coulomb interaction, the long-range interaction does not significantly change the basis convergence of the correlation energy at a fixed truncation rank. However, for the longrange interaction, this exponential convergence at a fixed truncation rank becomes the dominant limitation to the overall basis convergence.
